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1 Introduction 

The quantum group U q (g) associated with a simple Lie algebra q is an associative 
algebra over the rational function field C(q) (q is an indeterminate) and we can 
define its "integral" form over the Laurant polynomial ring C[q, q^ 1 ], which 
enables us to specialize q to any non-zero complex number e. We are going 
to see two types of such integral forms and accordingly, we obtain two types 
of specializations, one is called the 'restriced specialization' denoted by U™ s , 
and the other is called the 'non-restricted specialization' denoted by U e . Both 
coincide if e is trancendental. But we are interested in the case that e is the 
Z-th primitive root of unity, where I is an odd integer greater than 1. In the 
case, they do not so. The former is initiated by Lusztig and the latter is 

introduced in || by DeConcini and Kac. Their representation theories are quite 
different: Irreducible [/^-modules are highest weight modules in some sense and 
the classification of the irreducible modules is same as the one for simple Lie 
algebras or ordinary quantum algebras (see Theorem |3.5| below). Furthermore, 
irreducble modules possess the remarkable property "tensor product theorem" 
(see Theorem |3.6| below), which claims that arbitray irreducible highest weight 
module V(X) with the highest weight A is devided into tensor product of two 
irreducible modules V(X^) and V(IX^) where A^ ) and A^ 1 ^ are as in Theorem 



3.6. Here the module V(X^) is identified with the irreducible L^ n -module, 
wehre U^ n is some finite dimenstional subalgebra of U* es (see 2.2) and the 
module V^X^) can be identified with the irreducible highest weight U(q)- 
module V(A^ 1 ^), whose structure is known very well. Thus, if the structure 
of V(X^) is clarified, we can analize the detailed feature of V(X). Indeed, 
the character of V(A) is given by the famous Kazhdan-Lusztig formula. But 
structures as a module, e.g., explicit descriptions of basis vectors or actions of 
the generators on them, are not still clear. 

On the other hand, irreducible L^-modules are not necessarily highest or 
lowest weight modules. They are characterized by many continious parameters 
and if they are "generic", their dimensions are all same (see Q,Jl|). But if 
we specialize the parameters properly, the modules become reducible. In Q, 
Date, Jimbo, Miki and Miwa constrcuted such f7 e -modules for A n -type explic- 
itly, which is called the 'maximal cyclic representations' that is realized in the 
vector space V := (C / )2™(™+ 1 ). They contains the continious parameters and 
it is shown that if those parameters are generic, they are irreducible. Here we 
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consider certain non-generic specialization of the parameters so that V becomes 
a reducible L^-module. Moreover, we shall observe that such a module includes 
the unique primitive vector (see Proposition 4.9). The submodule generated by 
this primitive vector can be seen as an irreducible t/^-module and isomorphic 
to V(A(°)) for some A (Theorem |5.5[ ). 

The organizations of the paper is as follows; in section 2 we review the 
quantum algebras at roots of unity. In section 3, we see the maximal cyclic 
representations of the A-type following g] and review the represenation theory 
of U* cs . In section 4, we specilize the parameters properly and show that under 
the specialization, there exists a unique primitive vector in the module. Finally, 
in section 5, it is shown that the representation space become the module of the 
finite dimensional algebra Uf n and the submodule generated by the primitive 
vector is irreducible. 



2 Algebras at roots of unity 

In this section, we review the algebras treated in this article. 

2.1 Restricted integral forms and specializations 

Let C(g) be the rational function field in an indeterminate q and denote the 
ring C[q, q^ 1 } by A. We use the notations: 



! 



[a] g [a- !],•■■ [2],[1]„ 



[TO - k] q \ 



Let I :— {1, 2, • • • , n} be the index set and (dij)i,jel be the Cartan matrix of 
type A, i.e., a« = 2 (1 < i < n), a ii+1 = a l+li = — 1 (1 < i < n - 1), and 
ctij = otherwise. Let us denote the set of roots (resp. positive roots) by A 
(resp. A+). Let {/ii}ig/ be the set of simple coroots and {aiji^i the set of 
simple roots. Define the weight lattice P := {A (hi,X) G Z} (resp. the set 
of dominant integral weights P + := {A | (/ij,A) € Z>o}). Let {Ai}i £ ] be the 
fundamental weights which satisfy (hi,Aj) — Sij and then P — ffi^ZA^. Let W 
be the Weyl group of type A n , which is generated by the simple reflections Si 
(i G I). The quantum algebra U q (g) is the associative algebra generated by 
Bi, fi, tf (i G J) and the relations 



ti e jti 
tifjt i 



1. 



titj 



tjti. 



-- q^ej, 
q-^ej, 
u-t- 1 



E^("l)e 



q-q- 



(2.1) 
(2.2) 
(2.3) 

(2.4) 

(*^i),(2.5) 



where ef 5 := e k J[k] q \ and fj k } := ff/[k] q \. 



Here we set 



r 



n 



UqP +1 - s 



s—p—l 
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The algebra U^ s is the *4-subalgebra of U q (g) generated by e[ k \ f- k \ tf and 
ti pi 

' (i G J, p, k G Z and fc > 0) , which is called the restricted integral form. 



Here we can define the restricted specializations for any e G C > 

where A acts on C e := C by f(q)c :— f(e)c (c G C). 
2.2 Finite dimensional quantum algebra 



For e G C x we use the notation 



a := 



--1 



[o]!:= [o][a-l]---[2][l], 



m 




m 









(2.6) 



Since 



eC[(j,d 1 ], the definition of 



is valid. 



As for the specializations of q, we shall be interested in the case that £ is a 
root of unity. So in what follows, suppose that: 

/ is the odd integer greater than 1 and e is the primitive l-th root of unity. 

Under this setting, we can find an interesting finite dimensional subalgebra 
Uf n of U* es . Uf n is defined as the subalgebra of C/£ es generated by e iy fi and tf 
(1 < i < n). We know that this algebra is finite dimensional over C with the 
dimension 2™Z™ 2+2n (see Proposition |2.2| below). 

This U^ n is also defined by "generators and relations" as follows; 

Proposition 2.1 ( [Q , [@ ) The algebra U^ n is isomorphic to the associative C- 
algebra with generators e a , f a (a G A + ) and tf (1 < i < n) satisfying the 
following relations; 



tit; t- ti 1 , 



t%tj tjti, 



^ifj fj^i 3 



u-t: 

V e-e- 



If (aj, a) = and i < g(a), 



&i&a — &a&ij 
fi fa fa fi • 



If (cti, a) = — 1 and i < g(a), 



&a+ai — £ 6 a ej &i&ai 
Eeie OL J rOLi — 6 a -|_ ai G2, 
^^a+ai^a ^-a^-a+an 
fa+at — &fafi fifai 



(2.7) 
(2.8) 
(2.9) 

(2.10) 



(2.11) 
(2.12) 



(2.13) 
(2.14) 
(2.15) 
(2.16) 



3 



£fifa-{-ai — fa+otifii (2.17) 
Zfa+aifa = fafa+otf (2.18) 

e l a = f a = 0,(foranyae A+), (2.19) 
tf = 1( for any i G I), (2.20) 

where we define g(a) (a G A+) to be the largest index satisfying Ci ^ if we 
write a — ^ i CiOti and set e,; := e ai and fi := f ai . 

Define (Lf n )+ (resp. (U^ n )~ , (£/ e fin )°) to be the subalgebra of C/ £ fin gener- 
ated by e% (resp. fi, tf). Fix a reduced expression wq — Si 1 Si 2 ■ ■ ■ Si N of the 
longest elememtn of the Weyl group W and set (3k '■= s il s i2 ■ ■ ■ Si k _ 1 (ai k ) for 
k G {1, • • • , N} where N := ^n(n + 1) is the number of positive roots. Here we 
have the following Poincare-Birkhoff-Witt type theorem: 

Proposition 2.2 (@,@|) (i) The algebra (C/ £ fin )+ is a finite dimensional C- 
vector space with the basis 

{e%e%Z\.--e%} < ri ,.., rif<l . (2.21) 
(ii) The algebra (f7 e fin )- is a finite dimensional C -vector space with the basis 

{//3n//3™I^ " ' •/£}o<r 1 ,-,r JV <Z- (2.22) 

(Hi) The algebra (U^) is a finite dimensional C-vector space with the basis 

{t T nt T n-l " ' •*l 1 }o<r 1 ,- -,r„<2i- (2.23) 

(hi) Multiplication defines an isomorphism of C-vector space; 

(Uf n )~ <gi (U^ n )° <8> (U* n ) + ^llf n . (2.24) 

2.3 Non-restrcited specializations 

Here we see another type of specialization of q to a root of unity. 
Introduce the elements 

[U;m] :=hl l^L_ G Uq{&) . 

q-q 

The algebra Ua is the .4-subalgebra of U q (g) generated by the elements Ci, fi, 
tf and [U;0] (l<i< n). 

Remark. The defining relations for C/^ are as in 2.1, but repalcing fl2.4| ) by 

e</i-/jei = *i[*i;Q]. (2-25) 

and add the relation (q — g -1 )^; 0] = U — . 

Now for arbitrary e G C x we define the C-algebra 

U e := U A ® A C e , 

where A acts on C e = C by f(q)c = f(s)c (c G C). This U e is called the 
non-restricted specialization. 
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3 Representations 

3.1 Maximal cyclic representations of U £ 

The representation theory of U e is discussed in |j| in which the maximal dimen- 
sion of irreducible representations for A n type is given by /2™( Tl + 1 ) in the case 
e is the l-ih root of unity and in ||, it is constructed explicitly and called the 
'maximal cyclic representaions'. Here we modify the presnetations in subtly 
in order to simplify the arguments in the section 4. 

Let H be the group generated by {xij, Zij}i<i<j< n and the center s with the 
relations ZijXij = exijZij and all others commute each other, and set W := C[H] 
the group ring of H. For r :— (n, • • • , r„), s := (si, • • ■ , s„) S (C x )", we define 
the map ip TjS : U e — ► W by (sec Q); 

n 

^r,s (^i) • ^ ^ fc^i /c+1 * ' ' n \^iZi k k — 1 ^ \ ^%-\-\ k 1 ' ( 3 " -0 



(/i) : ~ X i+l-k n+l-k X i+2-kn+2-k ' ' ' X in (3-2) 



fc=l 



X {SiZi + i_k n-kZ i+1 _ k n+1 _ k Zi-k n+l-kZ i _ k n _ k } , 

¥V,sOi) := ^^Villn^i+in) ( 3 - 3 ) 
Si 

where we use the notation {z} = (z — z^ 1 )/(e — e^ 1 ). 
Let * : W — ► W be the C-linear involution defined by 

* — l * ,_ -l 

x jk ■— x k+l-jk' Z jk ■— z k+l~jk> 

and set 

A%k • — <&% k%i ' ' ' %i n ; ^ik • ^ikZik — \Z^_ \ k _ £ ' 



Then, (^1) and (^2) can be written in the following forms; 



fr,s(ei) — ^ A ik {riB ik }, ^Pr,s{fi) — 2_j -^ra+l— i n+l-k{ s i^n+l-i n+l-k} ■ 

k—i k—1 

(3.4) 

Proposition 3.1 The map <^v )S defines a C-linear algebra homomorphism from 
U E to W. 



Lemma 3.2 The following commutation relations hold (see ^(2.5)). 



AijB ik = s-' 2 B lk A tj if j < k, 
= e^B^Aij if j = k, 
= B lk A lj if j > k. 
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Proof of Proposition 3.1. We have AikBik = e 1 Bi k Ai k and then 



VrA e i) = ^2i r i£ X B ik }A ik , (frAfi) = E^ lB * l +l- l n+l-k} A *n+l-in+l-K 

k—i k—1 

This implies ip r ^ s = p e -i r ,e~ 1 s {pr,s is given in [^|). Thus, by Theorem 2.2 in 
we obtained the desired result. rj 

Proposition 3.3 For any m S Z>o, we have 



^(eD = [m]!£ £ 



-1 i < k p < ■ - ■ < k x < n r — 1 

1 < l^p < ■ • • < U 1 : 



*v,.(/T) 

m 

= M'E E 



IK 



n+l— 2 'M+l — fe r 
1 i < k p < ■ ■ ■ < k 1 < n r—1 r—1 



n 



Si °n+l-tn+l-fc r ' ^ 1 



(3.5) 



,(3.6) 



i <"»<•••< »i = ' 



where = and we set 



a; 6 
c 



{ae b }{ae fc - 1 }---{a£ +1 } 



Remark. The definition of 



is invalid for e such that [cl! = 0. But in the 



right hand-side of (3.5) and (3.6) we see that the term 
[ml! 



njui 



v r — v r+ i\ 



(1 < Vp < ■ ■ ■ < v\ = m). 



is valid since [m] q !/n£=i Wr - v r +i] q G Z[q,q 
Proof. In [0 , the following formula is given 



PrAeT) = [m\lJ2 E II 

p— 1 i < k p < ■ ■ ■ < ki < n r—1 

1 < v p < ■ ■ ■ < = m 



riB ikr : -v r+1 
v r — v r +i 



ik 



V r -Vr + l 

i k r ' 



(3.7) 



where v p+ \ = 0. Since (p r . s = p e - 1 r,e- 1 s, it follows from (3.7) 

<PrA e ?) = Pe-^r,e-A e T) 



'E e n 

p—l i < k p < ■ ■ ■ < k x < n r—1 
1 < "p < • ■ •<■'!= m 



e fiB ikr ; — v r+x 

v r — V r+ i 



r=l 



V r — V T+l 

i k r 



(3.8) 



Here by Lemma B.2 we obtain for i < k p < ■ ■ ■ < ki < n and 1 < r < p 



TiBi k r ; —v r +i 
v r — v r +i 



IK 

\r=l 



v r —u r+ i 

k r 



ik 

r=l 
P 

ik 



k r 



£ -l+„ r +v r+1 -2u p+lr . B . kr ._ h 



Vr — "r+\ 
k r 



riB lkr \v r - 1 
v r — v r+ i 
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where we use v p +\ = 0. Thus, we obtain (3.5). Similarly we also get (3J3). rj 



Let Vij (1 < i < j < n) be a copy of the vector space C l and set V := 
®i<i<j< n Vij. Let uq, ■ ■ ■ ,ui-i be the standard basis of C ! . Now we define the 
representation (i/j a ,b, V) of W as follows: Let Zj k,Xjk E End(V) be the matrices 
defined as ZjkUi = Uj+i and XjkUi = e l Ui on the component Vjk and as the 
identity on the other component. For non-zero parameters a :— (a,ij)i<i<j< n 
and b := (&ij)i<,^-< n E (C x )"("+ 1 )/ 2 , define Va^ij), V'a.b^i) 6 End(V) "to 
be 

1pa,b( x ij) = a ij X iji 1pa,b(Zij) = hjZij. (3.9) 

We can easily check that these define the representation of W: 

i> a ,b ■■ W^End(V). (3.10) 

Composing tp r ^ s and tp a ,bl 

®r,s,a,b ?Pa,b ° <fir,s ■ U £ ^End(V). 

we obtain the representation of U e denoted by ($ r .s,a,&, V). The representation 
introduced in H is just as (& £r ,£s.a.b, V) m our notation since we have ip r>s = 



Pe- 1 r,e- 1 s m t ne proof of Proposition 3.1 



In 0, it is shown that the central elements of U e take values in an open 
set of c n ( n + 2 ) and then by it turns out to be generically irreducible for the 
parameters r, s, a, b. We are interested in specializations of these parameters so 
that the representation (<& r ,s,a,b)i V) is not necessarily irreducible. 



3.2 Representations of U* es and U 



fin 



We review the representation theory of U r e es . The classification of the irreducible 
represntations of L^ cs is given by Lusztig ||. Before seeing it, let us recall the 
notions of highest weight modules. 

Definition 3.4 Let V be a Ul cs -module of type 1 (as for "type", see 
(i) The weight spaces V\ (A = m^A^ £ P) of V are defined by 



V x :=iv eV\Uv = s m ^v, 



where rrii = m|°' > + Irnp and < mf* 1 < I. 



~U;0~ 




r (i)" 




l 


V = 


»} 




I 





(3.11) 



(ii) V is a highest weight module if V is generated by a primitive vector, i.e., 
a vector v £ V\ for some A E P, such that CiV = e^pv — for any i E I ■ 
In the case, A is called the highest weight and v is called the highest weight 
vector of V. 

Let V(A) be the irreducible highest weight U q (g)-module given by V(X) = 
U q (g)/J where A E P+ and, I is the left ideal generated by e,, f^ + ^ hi ^ and 
U — q( hi ' X ' (1 < i < n). Here denote the generator of V(X) by v\. Let V^ S (X) 
be the £^ os -submodule of V(X) generated by v x . Set W™ s {\) := Fjf s (A) ® A C e , 
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which is naturally {/^-module. Note that WJ 0S (A) is not necessarily irreducible. 
So, let Y be its maximal proper submodule and define V^. res (A) := W™ s (\)/Y 
to be the irreducibel quotient, which is type 1 highest weight module with the 
highest weight A. 

Theorem 3.5 ([§]) Arbitrary finite- dimensional irreducible U T e es -module V of 
type 1 is isomorphic to VJ CS (X) for a unique A G P+. 

Note that arbitrary finite-dimensional irreducible [/^-module V of type 1 is a 
direct sum of its weight spaces. 

Theorem 3.6 ([|]) For A = £\ G P + , define \W := X^mf^A* and 

A^ 1 ' := X)i TO j' 1 ''^* where mi = m[ ^ + Im^ with < m\ < I (and then 
\ = \W+l\W). The Ul cs -module V™ s (\) is isomorphic toV(\^)®V(l\^). 

Here we call a weight A G P + satisfying A = A' -* a l-restricted weight. 
As we have stated in the introduction, the module V(X^ ) is irreducible U^ n - 
module and V(IX^) is identified with the irreducible highest weight sl„+i- 
module V(\( 1] ). Since we know the structure of irreducible s[„+i-module well, 
this theorem implies that the structure of the module V* es (A) can be clarified if 
we shall make clear the one for V(X^ ). 

4 Primitive vectors 

Let I and e be same as in the previous section. 



4.1 Specializations of parameters 

Let M := {m = (mjk)i<j<k<n\0 < rrijk < I — 1} be the index set of the 
standard basis of V. We can consider the additive structure on M via the natural 
identification M = (Z/ZZ) 2 n (" +1 ). For m G M we write u m := ®i<j<k< n u mjk 
{u mjk G V jk ). 

Here we consider the following specialization of parameters r, s,a,b : 



ribiuhk-xK-Xk-iK+ik = (! < * < fc < "•)> 

A; 



-b 2 b- 1 b- 1 



(4.1) 
(4.2) 

(4.3) 



where integers {Xi}i<i< n satisfy < A, < I. 

Remark. Here note that the set of parameters satisfying (4.1)— (4.3) is never 
empty. Indeed, if we set dj k = bj k = 1 for any (j, k ) and = 1 and Sj = e~ Xi 
for any i, it is trivial to see that these satisfy (|4.l|) -(fh3]). (By (LI), we have 
ajk = 1 for all 1 < j < k < n). 



Lemma 4.1 Under the specialization and ), we have 



Sibi+l-kn~kb i + l _ 



+l-kn+l-k 



bi-i 



-l-kb i _i,,,_i 



(4.4) 
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Proof. Using (fT^), we have r i b ik b ik -ib i \ k _ l b i + lk = 1 = r 4 fe 4fc _i6. ife _ 2 & i _ 1 1 fc _ 2 & i+i fc-i 
and then &aA 7 A fc- A^u- = bik-zK-ik-iK+ik-i- Changing i -> i - k and 
fc — > n — k, we get 

&i+l-fcn-fe6j + l_fe n+ l_fe = &i-fcn-fc-l&j_fe n+ i_fc&i-fc-ln-fc-l&j_fe_i n _/._i. 

(4.5) 

By SI) with fc = n and ( fO| ), we have Si&m-i6 in 1 &i-in6jJ 1 i n _i = £ A S which 
i s (ff~4 ) in the case fc = 1. Suppose that (4.4) holds and substitute ( [4.5| ) into 
(|4.4|). Then we obtain 



Sibi-kn-k-lb i \ ri _ k bi-k-ln-kb 1 



i— k— In— k— 1 



Thus, the induction on fc precedes and then we prove (4.4) for any fc € {1, 2, • • • , i}. 
□ 



By (4.1)— (4.3) and this lemma, we have 

n 

&r,s,a,b(ei) ■= / ] XjkXjk+1 ■ ■ ■ Xj n {ZikZik-lZ^} lk _ 1 Z~[+ lk \, (4.6) 



®r,s,a,b(fi) J]] -^i+l-k n+l-k^i+2-k n+2-k ' ' ' ^ i 



(4.7) 



k=l 



X {£ A ' ^j+l-fe n-fe^ i+ i_fc n+1 _ k Zi-k ri+l-fcZj_\, „_ fe }, 
*r,.,a,6(ti) := ^C^^n. ( 4 - 8 ) 

4.2 Primitive vecotrs in V 

Under the specialization in 4.1, we get the following: 



Proposition 4.2 Under the specialization (4jJ_) and ), v £ V satisfies the 
condition 

eiV — for any i = 1, • • • , n, (4-9) 
if and only if v = cuq (c 6 C) where = (0, 0, • • • , 0) £ M . 



Proof. By (4.1) and (4.2), the action of e$ on it m G V (m = (m g h) S M) is 
given by 



[m lfe + m lfc _i - mi-ik-i - m i+1 k }u m+e . k+ . 



(4.10) 



i<k<n 



where tjk € M satisfies that the (j, fc)-entry is 1 and all others are 0. If m = 0, 
we have rriik + rriik-i — mi-ik-x — mi+ik — for all i < fc < n, which implies 
that e{UQ — for any i. 

Conversely, assume that v — J2 m eM c mW m (c m £ C) satisfies (4.9). First, 
we have 

= e n v = X nn {Z^ ln _ 1 Z nn }v = ^2 c m [m nn - m„_i„_i]u m+enn . (4.11) 

me M 
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This implies that 

m n -in-i^mnn=^c m = 0, (4-12) 

and then we have v = EraeM,m„-i„_i=m„„ c m«m- 
Next, by e n _iv = we have 

})« 

= C m [m n _i„_i — m Jl _2n-2]w m +e„_ 1 „_i+e„_i„ 



m e M, 
-In — 1 = 1 



This implies that 



CmK-ln-l ~ mn-2n-2] = C ro [m n _l„ + m n -ln-X ~ ™n-2n-l ~ m nn ] = Q 

(4-13) 

for any m S M satisfying m n _i„_i = TO nn since all vectors appear in the 
summation are linearly independent under the condition m n — \n—\ = m nn , that 
is, the index m + e n —in-i + £n-in and m' + e n -in never c oinci de for arbit rary 
m, m' under the condition f^n— in— 1 = TXi nn , Thus, by j~i~2|) and (§jj| ) we 
have unless 

m n -2n-2 — "*n-lii-l = ™<nn, 
m n -2n-l = m n-ln, 

Cm = 0. 

Here we assume that c m = in v unless 



ma = mi+ii+i 



ma+l — mi+li+2 — — mn-in, 



(4.14) 



TTlin-i — mi+i , 



By av = we get 

n 

XikXi • ■ • Xi n {ZikZik-iZ i _ 1 fe l 

k—i 

n 

= ^2 C m[ m ifc + rUik-l - THi-lk-l - mi+lfe]'U m+e . fe+ ...-i-e in 

m e M, = ? 
m satisfies (4. 14) 

= (c m ["iii - m i _ li _ 1 ]u m+Ui+ ... +ein 
m e M J — I 

m satisfies (14.14) 

+c m [m 4i+ i + mji — mi_ii - mi + i i+ i]u m+£!i+1+ ... +eiTi (4.15) 
+ + 

+C m [min + fflin-l -Wj-ln-l — TOj+1 n]tt m + ei „). 



It follows from (4.14) that all vectors apear in the summation (4.15) are linearly 
independent. Therefore, we obtain that c m = 0, unless 



ma - rrii-ii-i = 0, 



10 



mit+1 +mu — rui-n - mf+ii+i = 0, 



m in + m in -i - m*_i „_i - m i+i „ = 0. 



Thus, from this and (4.14) we get c m = unless 



=mu = rm+u+i = 
TTii-n — mn+i = mi+n+2 = 



m r . 



L n n j 
— mn— 1 n; 



(4.16) 



Thus, using &2V = e3« = • • • = e n -iv = e n v = we have c m = unless 



mn = m 2 2 = ™3 3 = 



mi 2 = m 2 3 = TO34 = • • • = m„_i„, 



(4.17) 



mi,„_2 = m 2n -i = m 3n , 
mi n _i = m 2 „. 



Finally, using ei« = 0, we have 

71 

= XikXik+i ■ ■ ■ Xi n {ZikZik-iZ 2 l}v 

n 

^ ^ c m [mi fe + mifc_i - ?7i 2 fe]u m+£lfc+ ... +ei „ 



fe=i 



m 6 M, fc=l 
i satisfies (4.17) 



^2 (c m [mn]u m+£ll+ ... +ein 

EH* 

+c m [mi2 + mi i - m 22 ]?i m+£l2+ ... +eii 



m e u 

i satisfies (I 



(4.18) 



[mi n + 7Tl\ n — \ Til 2 n 



Under the condition of ( 4.17 ), we get that c m = 0, unless 
= mn = mi2 = ■■■ = mi„. 



Therefore, it follows from (4.17) and (4.19) that c m = unless 



= mn = = ^33 = = m nn , 
= mi2 = m 2 3 = m 3 4 = ••• = m n -i«, 



(4.19) 



(4.20) 



= mi,„_2 = m 2 „-i = m 3n , 
= min-i = m 2n , 



which implies that v = cug. 



□ 
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Remark. In the proof of the proposition, we see easily that we do not need 
( [4.1| ) essentially. It is required for simplification of the proof or the presentations. 
So it is possible to proceed the same argument for generic a^fe's. 



The primitive vector uq possesses the following property: 



Proposition 4.3 Under the condition fy.ty, fl^.l ) and (u-jj, we have f, t 
0. 



Proof. We obtain the explicit form of f^ i+1 on V by (3.6) in P roposition 
|3.3| t aking m = Ai + 1. By Lemma LI, under the specialization (4J), (fh^) and 

(M), w e have Si6 4+ i_ fc n-fc&^_ fc „ +1 _ fe 6 i -fcn+i-fc6 i l 1 fer l -fc = £ ~ X '- Thus, on w g 
we have 



[a, + 1]! e e n ^T-^ir-^ n { £ ~" Vr 1 

p— 1 i < k p < ■ ■ ■ < k 1 < n r—1 r—1 ^ 

1 < f p < ■ ■ ■ < t>\ = + 1 



ZA, — Z/ 



r+1 



For any pG {1, 2, • • • , \ + 1} and any v p , ■ ■ ■ , v\ satisying 1 < v v < ■ ■ ■ < v\ = 
Xi + 1, there exists some r G {1, 2, • ■ ■ ,p} such that v r +\ < Xi < v r . Therefore, 
for such r we have 

e-^\v r -\\ _ {e- A '+^- 1 }{£- A '+^- 2 } ■ ■ ■ { £ -^+^ + i } _ 



V r — V r j r \ J [fr — V r+ \]\ 

Thus, we obtain /j Ai+1 ug = 0. rj 

Here for A := (Ai, • • • , A„) (0 < A; < I) we define the [7 £ -submodule L(X) of 
V by L(X) := U e u 5 . 

Let F(A) be the irreducible highest weight f7 g (g)-module as in 3.2. Let V^(A) 
be the J/^-submodule of V(X) generated by v\. Set V £ (X) :— Va(X) ®a C £ , 
which is naturally [/^-module. Note that V £ (X) is not necessarily irreducible. By 
Propositoin |4.3| , — (i G I), thus we have the following surjective 

{/^-linear map ir : 14(A) — ► ^(A) given by ir : v\ i— » Ug. It seems that the 
module L{X) is in the similar stream of the theory of L^ es -modules. Here we 
expect that L(X) is an irreducible highest weight £/ e -module. Suprisingly, in 
the next section we obtain more interesting results that L(X) can be seen as an 
irreducible [/^"-module. This means that we get U* es (or [/^ n )-modules directly 
from [/^-modules. 



4.3 Shifts of parameters 

Let r(°> = (rf), = (sf ) G (C x )« and «(»> = (a%)), = (b% ] ) € (C X ) N 
be the parameters satisfying fl4.l|)-(fi~3|). 

Fix a basis vector G V (£ = (^-fc) G M) arbitrarily and set &w : = 
(e~£i k bjk) G (C X ) JV . In this setting we obtain the following: 

Proposition 4.4 For any [i = (pjk) G M and any A G C/ £ , set 

$,.(0)^(0)^(0)^(0) PQup = C,„u m . (4-21) 

me M 
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Then we have 



r< ),s<°),a(°),6(S) 



mgif 



(4.22) 



Proof. It is shown easily from the formula 

1 PaW,bw( X j k ') U Ni> = a fk U »jk+ 1 ' ^aW) M 0) ( Z i k ) U Nh ";A - "/',; ' 
/ / -\ (°) 

By Proposition [4.4|, we have the following result. 



Proposition 4.5 VKe consider the representation ($ r (o) s (o) O (o) ;,«), V). ^4 vec- 
tor v G V satisfies the condition 

eiV = for any i = 1, • • • , n, (4.23) 

if and only if v — cu^ (c G C) where G V is i/ie ^iied 6asis vector as above. 

By this proposition, if we take the parameters properly, any basis vector 
in V can be a primitive vector. 



5 Irreducible £/5 n -module 



Suppose that parameters r, s, o, 6 satisfy the conditions (4.1)-(|4.3j). In this case 
ug is the unique (up to constant) primitive vector in V. As we defined in the 
last section, set L(X) := U e u^ (A = (Ai, A2, • • • , A„), < Aj < I — 1), which is a 
Z7 £ -submodule of V. In this section we shall see several properties of this module 
and it amounts to an irreducible C/? n -module. 



5.1 Root vectors 

First, we see higher root vectors in U e . There are several definitions for them. 
We shall introduce two of them here and discuss their relations. 



The first one is defined by using (2.13) and (2.16). We also denote them by 
e a and f a (a G A+). 



Lemma 5.1 The root vectors e a and f a G U s ( a G A+ ) defined by (2. IS) and 
fitldj) satisfy the relations fiulj) , fiiu%) , 0J4) , ( $Uq ), W^\ ) and$2Jtfy in 

Ue- 



Proof. The proof for the f a case is similar to the e a case, thus we shall 
only see the e Q case. We shall show ( p. 11 ), ( p. 14 ) and ( 2.15| ) simultaneously 
by the induction on the height of roots. Set a = 0£j + <x/+i • • • + afe, /3 = 
a — ctj and 7 = (3 — ctj+i G A + (j < k). If the condition (01,014) = and 
i < g(oi)(= k) hold, we know that i G {1, 2, • • • , j - 2, j + 1, j + 2, • • • , k - 1}. If 
i G {1, 2, • • • , j — 2, j + 2, • • • , k — 1}, by the hypothesis of the induction we have 
CiCfj — epei and then 



Sq = ei(e 1 e j e l 3 - epej) = (e 1 ejep - epe^ei = e a ei. 
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If i = j + 1, by the hypothesis of the induction we have eej+iep = epej+y, 
e 3 e 7 = e 7 ej and then 

ej+ie a = e j+ i(e~ 1 e j e l 3 - epej) = e j+ i(e~ 1 e j (e~ 1 e j+ ie~ / - e 7 e j+ i) - epej) 
= e~ 2 ej+ieje : j + ie 1 - e^ 1 ej +1 e 3 e 1 ej + \ - e-j+iepej 

= e~ epej+xej + e 7 ej +:L ejej + i + e~ ejepej+i — epejej + i — e 7 ej + iejej + i — e~ epej+%ej 
= e~ ejepej+i ~ epejej+i = e a e j+ i. 

Here we used the formula; 

ej + iejej + ie 7 = eepej + \e.j + e 2 e 7 ej + iejej + i + eejepej+i, 

e i+l e J e 7 e i+l = e e j e j+l + e y e j+l e j e j+l- 

Next, if the condition [a, Q!j) = —1 and i < g(o;)(= fc) hold, we know that 
i = j — 1. In this case, we have 

Cj—\€ a -\- a j_ 1 — 6j_i(s ej—i€ a e a cj— i) 

= e J -_i(e~ 1 e i _ 1 (£: _1 eje | g - e^e,) - (e~ 1 e i e /3 - e^e^e^x) 

= £ _2 ([2]e i _ie i e i _ie i a - e^e 2 ,-^) - e^epe]^ - e^i^" 1 ^ - epe^ej-i 

= ((-e^ejep + e _1 e | ge i )ej_i + £ _2 e : ,-_i(e _1 e J e / 3 - e^e^e^i 

Finally, under the same condition as above, using eje a — e~ 1 e a ej, epe a = 
ee a ep, ej-iep = epe-j-i and ejep-[2]epejep+e^ej = e 2 ep-[2]ejepej+epe 2 = 
we have 



e^j-i = (e 1 e ] ep - Spe^e^^y = eje a ej-iep - e (3 e.,e Q: e. ) -_i 

= e _1 e^ej_ie^ - e^epeje^-yep - e~ x ep^e^yep + epejepe^e^-y 

= -[^ e j e J-i4 ~ £ le /3 e i e j-i e + pj4 e i e i-i 

= e J _i(-e~ 2 e i e / 3e J e ) g + e^epe^ep + s~ 1 e j e 2 pe :j - epe^epej) 

+ [2}(e~ 2 e j epe j -ie J ep - e~ 1 e J epe J ~yepe j - e^epejej-yejep + epejCj^yepej) 

and then We have Ga^a-l-aj^ — ^^Q+aj-i^a- Q 

Here we introduce the alternative definition of root vectors For roots 
a = Qi + on+y + • • • Oj and /3 = <x/+i + + • • • + Qfc (i < j < k), we define 



e a +p = e a ep - eepe a , (5.1) 

a+P = /q//3 — e /#J 



/a+/3 — /a//3 — £ Vfl/o! (5-2) 



where we set e Qi := and f a . := fi. Note that this definitions are well-defined, 
that is, these do not depend on the choice of j. 

We obtain the following simple relations between two types of the root vec- 
tors: 
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Lemma 5.2 For any a E A +7 we have 

- _ hcight(a)-l -f _ -hcight(a) + l r 



e l =e l f = f 

Ct a > J a J ot' 



(5.3) 
(5.4) 



P roof . The proof of ( p.3|) is done b y us ing induction on the height of roots 
and (5.4) is immediate consequence of (5__3) since e = 1. 



□ 



5.2 f/? n -module structure on V 



For a E A+ we d efine the actions of e a and f a recursively by using the formula 
( HjH ) and (^16|) as in the previous subsection. 



Proposition 5.3 For any a E A + and i = !,■■■ ,n, we have 



<4 = fee = *f = 1 on V. 



(5.5) 



Proof. Since $ r , s , ,&(fi) = e Xl Z} n Z ^^Z on V and Z\j = 1, it is trivial 
that tf = 1. To show the nilpotency of e a and f a we see the following result in 



Proposition 5.4 ([j2| Proposition 3.4) For a — a t + a i+ i + ■■ ■ + ctj, the 



actions of e l a and f a on V are given by 



1 



j-i+i 



{e-e- 1 ) 1 

1 



E E i-W^ih > - >k p < - < kj- i+1 ) 

ki>i,---,kj—i+i>j p—1 



7' 



i+p k p+1 ---kj- i + 1 Di fe 1 ...fcj_ i+1 
j-i+l 



•id, 



}2 E > • • ■ > fcp < • • • < kj-i+i) 

-1 

J-i+l 



(e-e- 1 )' 

Cn+l-j fe 1 -..fc JI _ 1 \Cn—j+p k p ~ C'n-j+p kp )Cn-j+p+l kp+1 --- kj ^ i + iDn-j+l ki—1 

where 9{X) — 1 if X is true and 9(X) = otherwise, and we set 

C lk ■= {e~ 1 r i b ik b ik - 1 b-_} lk _ 1 b~+ lk ) 1 , (5.6) 
C lk := (£~ 1 Sib k+ i-i k b k - ik -ib' k l 1 _ ik _ 1 b~ k J : lk )\ (5.7) 

n n 

D lk := H(a ip ) 1 , D ik := n«i-,p)' ( 5 - 8 ) 
and (f>ik x -k p '■= <Pik! ■ ■ - 4>ik p for <j> = C, C, D, D. 



•id, 



Applying the specializations of the parameters (4.1), (4.2) and (4.3) to Ci k , 
C lk , D ik and D ik , we have C ik = C ik = 1, which implies that C n - j+pkp - 

C n- 3+pkp = Cn-j+ pkp ~ C n _ j+pkp = and then e l a = J a = 0. Since we have 

e a = an d fa = fa by Lemma jjT^ , we obtain that e l a = f l a = on V. □ 
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Theorem 5.5 (i) I f we define the actions of e a and f a (a £ A + ) by using 
(2. IS) and (2. It), the vector space V becomes U^ 11 -module. 



(ii) The subspace L(X) (A = (Ai, 
ducible U^ n -submodule ofV. 



• A n ), Ai £ {0, 1, • • • , I — 1}) is the irre- 



Proof. To show the former half of the theorem, it suffices to check the 



relations ( p.7[ )-( 2.2C ) in Proposition 2J. The re lation s (2.7)- ( 2.10 ) are satisfied 
since V is originally [^-module. The relations (2.11)— (2.18) are obtained from 
Lemma [T^. We have the relations (2.19) and ( 2.20| ) from Proposition 5.3. Thus, 
we have the well-defined actions of U^ n on V. 



5.3 Proof of irreducibility 

In orderto show the irreducibility of L(X), we need the following: 

Proposition 5.6 Any finite dimensional Uf^-module contains a primitive vec- 
tor. 



To show the proposition, we shall show the following lemma 
Lemma 5.7 Let L > be a sufficiently large integer. For any 



we have in U, 



fin 



(5.9) 



Proof. We define a Z-gradation on (U^ n ) + by the following way: As we 
have seen in Proposition p72, (U^ n ) + has the basis 



l ri ~i 

1 ' " e /3 1 fO<r 1 ,---.r N <l- 



Using this, we define 



e 

riht(/3i) + ---+r Jv ht(/3 J v)=d 



where ht(/3) is the height of a root (3 £ A+. We have 



(5.10) 



An element in (U^ n )^ is called a homogeneous element of degree d. Since all 
the relations in ([/ £ fin )+, that is, foil ), (|T3|), ( pli $Al\ ) and ( pT9| ) are 

k^™^,™^™,^ !o ,tt^H A^G^^A n „A <-V,^v> ™ ^Kf f7TfinvF77rfin\ + r- /TTtin\ + 



homogeneous, it is well-defined and then we obtain (U^ n )^(U^ n )f C {U^ n ) J +e 
for c?, e € Z>o- Hence, ei £ ■••ej 2 ej 1 is a homogeneous element of degree L. 
It immediately follows from Proposition 2.2 that the maximum degree is (I — 



1) J2?=i ht (A) : = J : which implies that if L > J, (C/ £ fin ) + = 0. Thus, if L is 
sufficiently large, a homogeneous element ei 



must vanish. 



□ 



Proof of Proposition 5.i. Suppose that a finite dimensional ^ n -module 



V does not have any primitive vector. So any non-zero v £ V there exists 
an infinite sequence ii, i%, ■ ■ ■ , ik, ■ ■ ■ (ij £ I) such that all vectors v, e^v, 



1G 



Gi ei, v. - ■ • , 6a. ■ ■ ■ &i„ei, v, ■ ■ ■ never vanish. But this contradicts to Lemma 5.7 



Therefore, V contains a primitive vector. rj 

Let W be a non-zero submodule of L(X). By Proposition W contains 
a p rimitive vector. By the uniqueness of the primitive vector in V (Proposition 



4.2| ), W has to contain itg. Therefore, W = L (\) and then L(X) is irreducible. 



Here we completed the proof of Theorem |5.5| (ii). rj 



By Proposition 7.1 in [[|, for a 'Z-restricted weight' (see 3.2) A e P + the /7| es - 
module V* BS (\) (see 3.2) is identified with the ir red ucible [/^"-module, which 
is isomorphic to L(X). Accodingly, by Theorem |5.5| we realize the irreducible 
highest weight [/™ s -module V^ res (A) with the l-restricted highest weight A in the 
vector space V. 

Our further problem is to write down a basis of L(X) explicitly. Any ba- 
sis vector of the irreducible [7 g (g)-module V(X) is parametrized by "Young 
tableaux" of shape A. So by the constrcution of V r e res (A) in 3.2, we deduce 
that a basis vector of L(X) would be parametrized by 'restricted' (in some sense) 
Young tableaux. We would also like to see the structure of the quotient module 
V/L(A) or the tensor product of V <8> V. 

In ||, for the B n , C n and D„-cases the analogous presentations of the max- 
imal cyclic representations are given explicitly. Thus, we can apply the proce- 
dure adopted here to them and might hope to obtain the irreducible Uf n (B n ) 
{Uf n {C n ), £/J n (Z? n ))-modules, which will be discussed elsewhere. 
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